The influence of plasma on different effects of gravitational lensing is reviewed. Using the Hamiltonian approach for geometrical optics in a medium in the presence of gravity, an exact formula for the photon deflection angle by a black hole (or another body with a Schwarzschild metric) embedded in plasma with a spherically symmetric density distribution is derived.
INTRODUCTION
A gravitational lensing problem combines a well developed theory and a wide range of observational phenomena connected with the deflection of light rays by gravity. The gravitational lens theory usually deals with a geometrical optics in vacuum and uses a notion of the deflection angle.
Basic assumption is an approximation of a weak deflection angle of a photon. General Relativity predicts that a light ray passing near a spherical body of mass M with large impact parameter b is deflected by the small angle ( Fig. 1) :
This expression is valid if b ≫ R S , where R S = 2M is the Schwarzschild radius of the gravitating body. Deflection angle (1) is usually called 'Einstein angle'. In the most astrophysical situations related with gravitational lensing the approximation of weak deflection is well satisfied. Trajectories of photons in vacuum, as well as deflection angles, do not depend on the photon frequency (or energy), so gravitational lensing is vacuum is achromatic.
The first gravitational lens outside the Solar system was discovered by Walsh et al [1] , as two images of the quasar 0957 + 561. The correlated variability of these images had confirmed that both images belong to the same object, and are formed due to light deflection by the gravitation of a massive intermittent object. Tens of gravitational lens examples have been discovered in subsequent years, see, for example, [2] .
In this paper we review an influence of plasma on different effects of gravitational lensing [3] , [4] , [5] , [6] . The principal feature is that the deflection angles are changed in presence of plasma, and chromatic deflection occurs. In particular, it leads to angular difference in positions of images at different wave frequencies. For the light rays propagating through cosmic plasma such effects may be significant only for very long radiowaves. 1 There exists another possible reason of curving of light trajectory: refractive deflection. In 1 In vacuum the chromatic effects of gravitational lensing take place in study of microlensing of quasars by individual stars in lens (galaxy). Physical sources like quasars may have different sizes for different wavelengths. Magnification and the light curves expected as a result of microlensing depend on the source size, so chromatic effects arise. Such chromatic effects can give information about source structure, see [7] , [8] . Sometimes the term 'chromatic gravitational lensing' is used for this situation. Rigorously speaking, this situation is 'achromatic lensing of chromatic source' rather than 'chromatic gravitational lensing'. In this paper we consider chromatic effects which related with the situation when the photon deflection itself becomes chromatic, in particular, the gravitational deflection of photon in plasma is chromatic.
non-homogeneous transparent media the photon moves along the curved trajectory, it is called as refraction. Refraction is widely known phenomenon, and it is easily observed at boundaries between water, air or glass, which is described by Snell's law. Working in the frame of geometrical optics, we can characterize the properties of the medium by its refractive index. In inhomogeneous medium the refractive index depends explicitly on the space coordinates, and shape of trajectory is determined by this dependence. The refractive deflection of light has no relation to relativity and gravity, and takes place only in non-homogeneous media. If medium is dispersive too, which means that the refractive index depends on the frequency, then the refractive deflection is also chromatic.
Considering propagation of a light under action of both gravity and plasma non-homogeneity, in linear approximation we can just summarize two deflection angles: a vacuum deflection due to gravitation of a point mass, and a refractive deflection due to the non-homogeneity of the plasma.
These effects are separated from each other. This approach was used in consideration of deflection of radio rays passing the Sun [9] where the deflection was a separable combination of general relativistic deflection in vacuum and refraction in the coronal electron plasma, see also [10] , [11] . The same approach is used in book of Bliokh and Minakov [12] where gravitational lensing was considered, produced by a gravitating body surrounded by a plasma with a spherically symmetric distribution.
The approach above, considering propagation of light in presence of gravity and medium as a simple sum of two deflections, does not contain nonlinear effects. Possible mutual influence of medium and gravity is not taken into account. To consider this problem more rigourously, we need theory which includes gravity and medium presence simultaneously.
A self-consistent approach to the light propagation in the gravitational field, in presence of a medium, was developed in a classical book of Synge [13] . For discussion and application of the Synge's general relativistic Hamiltonian theory for the geometrical optics see also papers of Bičák and Hadrava [14] , Kichenassamy and Krikorian [15] , Krikorian [16] .
Comprehensive review of general-relativistic ray optics in media is presented in the monograph of Perlick [17] . He used a different type of the approach to the problem. As one of applications of his formalism, general formulae for the light deflection angle in the Schwarzschild and Kerr metrics, in presence of spherically distributed plasma, have been obtained in the integral form. Formula for the Schwarzschild metric was later rederived on basis of Synge's approach in the paper [6] .
Investigations of non-linear effects connected with combined action of gravity and plasma were performed in papers of Bisnovatyi-Kogan and Tsupko [3] , [4] , [5] , [6] , on the basis of Synge's theory.
The main idea was to investigate the influence of plasma on the light trajectory in a homogeneous plasma where there is no refractive deflection. It was shown that the gravitational deflection itself in the medium is not the same as in vacuum. Therefore, if we would like to consider tiny effects we should use corrected formula for the gravitational deflection instead of the vacuum gravitational deflection.
This idea is the clearest in case when plasma is homogeneous. In this case the refractive deflection is absent. The question can arise: is the gravitational deflection of the light rays in this case the same as in vacuum? The answer is the following: the deflection will be differ from vacuum case [3] .
For static plasma with the refractive index
in a static weak gravitational field of a point mass, the gravitational deflection angle will be described by the simple formula [3] :α
Here the frequency of the photon ω(r) depends on the space coordinate r due to the presence of a gravitational field (gravitational redshift). We denote ω(∞) ≡ ω, e is the charge of the electron, m is the electron mass, ω e is the electron plasma frequency, N 0 = const is the electron concentration of a homogeneous plasma. This formula is written for homogeneous plasma and valid under the condition of smallness ofα (b ≫ R S ). At ω e = 0 (concentration N 0 = 0) or ω → ∞ this formula turns into the deflection angle (1) equal to 2R S /b.
Thus, it was shown for the first time in [3] , [4] that due to dispersive properties of plasma even in the homogeneous plasma the gravitational deflection differs from vacuum deflection angle, and gravitational deflection angle in plasma depends on frequency of the photon. By using Synge's approach, it was also found [3] , [4] that the photon deflection is the same as in vacuum, if medium is homogeneous and non-dispersive (refraction index n=const). The physical reason is a dependence of the wave frequency on space coordinates in presence of gravity (gravitational redshift). In the paper [4] we have considered the gravitational lensing of radiowaves by the point or the spherical body in presence of a homogeneous and non-homogeneous plasma, together with the refractive deflection due to the plasma inhomogeneity, and comparison of these two effects have been there performed. All these results have been obtained in the approximation of smallness ofα.
Er and Mao [18] have studied the gravitational lensing when non-homogeneous plasma surrounds the lens. Using formulas for the deflection from [3] , [4] , they have calculated the extra deflection angle induced by the plasma for non-homogeneous plasma models. They have performed numerical modelling of different effects caused by this extra deflection. In particular they have shown that a plasma presence may cause significant effects to be detected in low frequency radio observations (a few hundred MHz): the change of position due to a plasma can reach a few tens of milli-arcsec.
Recently Morozova et al [19] have considered a gravitational lensing by a rotating massive object in a plasma. Their approach is based on papers [3] , [4] , they additionally take into account the rotation of lens and investigate new effects connected with presence of rotation.
Theory of gravitational lensing usually considers small deflection angles (α ≪ 1), see Fig. 2 .
Light rays which are deflected by angles about 2π, 4π, ... can also form images. If the photon impact parameter is close to its critical value, a photon which goes from infinity can perform several turns around the central object and then go to infinity. Such photons form images (Fig. 3) , which are called relativistic images [20] . Influence of plasma on properties of relativistic images was studied for the first time in [6] .
The paper is organized as follows. In Section 2 we briefly describe the basic effects of gravitational lensing. In section 3 we consider the gravitational lensing in the case of a strong deflection of photons in vacuum. In section 4 we derive an exact formula for the deflection angle of photons in the Schwarzschild metric with spherically symmetric distribution of plasma. In section 5 we derive the exact formula for the angle of gravitational deflection of light in a homogeneous plasma. In section 6
we consider the gravitational deflection in the homogeneous plasma in the case of a weak deflection.
In section 7 we consider weak deflection of the photon in presence of gravity and non-homogeneous plasma. In section 8 we consider the gravitational deflection of light in the homogeneous plasma in strong deflection limit and discuss influence of plasma on relativistic images. In section 9 we make concluding remarks.
BASIC EFFECTS OF GRAVITATIONAL LENSING
In this section we make a short review of basic effects of gravitational lensing. For details, see, for example, books and reviews [21] - [28] .
Gravitational lensing changes an apparent angular position of the source. Example of calculation of the trajectory of the photon for lensing with the small deflection is presented on Fig. 2 . In this example the lens is a point body. Light ray from the source deflected by angleα by the point-mass gravitational lens with the Schwarzschild radius R S goes to the observer. The observer sees the image of the source at angular position θ which is different from the source position. Bending of light from the distant stars by gravity of the Sun leads to apparent displacement of the stars position.
It can be observed for stars near Sun disc during eclipse, and it was one of the first observational the distance between observer and lens, Ds is the distance between observer and source, D ds is the distance between lens and source. We should comment that at this picture the deflection angle is not small actually, and can not be calculated by approximate formula (1), we draw situation with such angle for visualization.
proof of General Relativity [29] .
Gravitational lensing leads to formation of multiple images, lensing on one gravitating point mass leads, in general, to formation of two images. On Fig. 4 there is the example of the simplest model of lens, the Schwarzschild point-mass lens. Due to bending of light the observer sees two images of the same source at different sides from lens. If source is point-like, then images of source are two points. If the source has a finite size, the deformation of images occurs, which is shown on lens is not point-like, and has more complicated mass distribution, observer can see more than two images of the same source. In modelling of real system with multiple images the point mass lens is never used. Observed gravitational lens system are described usually by lens with broken spherical symmetry.
Another effect of gravitational lensing is a so called magnification effect [21] . The surface brightness for the image is identical to that of the source in the absence of the lens. The flux of the image is the product of its surface brightness and the solid angle it subtends on the sky. The flux from source is changed due to gravitational lensing, because angular size of source is changed. Angular size (and flux) of each image is different from a source, and can be larger and smaller. The magnification factor µ is the ratio of the flux of the image to the flux of the unlensed source, and is equal to the ratio of the solid angles of the image, and the unlensed source: µ = ∆ω/(∆ω) 0 .
Gravitaional lensing leads also to time delay: in presence of lens the time of light travelling from source to observer is changed [21] . Time delay consists of two parts: geometrical delay, due to changing of trajectory shape, and potential or Shapiro delay, due to propagation of light in gravitational field. In the case when multiple images are observed, every image has its own delay, and time delay between images can be found. It is interesting as a way of finding of Hubble constant, see [30] , [22] .
From the observational point of view there are three types of the gravitational lensing. (ii) Weak lensing. In this case the lensing images are characterized by weak distortions and small Source is extended (not point but circle) and has internal structure drawn by curves inside circle, see picture.
Observer does not see real source and sees two prolongated images with another angular sizes. At this picture the angular size of Einstein ring is also presented.
magnifications. Usually only one image of each source is visible. In this case we can not identify fact of lensing using individual source because we do not know a real position of the source, its shape, and its real luminosity. To conclude the presence of lensing in this case is possible only in a statistical sense. Observations of many weakly distorted images of galaxies give a possibility to reconstruct the mass distribution in the gravitational lens. The example of the reconstruction of the distribution of the dark matter gravitational potential in merging Bullet cluster of galaxies 1E0657-558 (z=0.296) is given in [31] . It was obtained due to observations by HST/ASC of the field galaxies behind the clusters. This distribution is obtained together with the distribution of ordinary matter,
by Chandra X-ray observations of the shocks formed in the merging cluster 1E0657-558, which brightness maxima do not coincide with the maxima of the dark matter gravitational potential.
These observations are considered as a direct empirical proof of the existence of a dark matter.
(iii) Microlensing. It is version of strong lensing in which the image separation is too small to be resolved. Lens which is a single star of about solar mass can lead to images split into microimages separated by microarcseconds (it explains an origin of the term). Multiple images due to stellar-mass objects can therefore not be resolved. The only observable effect of microlensing is the alteration of the apparent luminosity of background sources (change of flux), see [32] , [33] , [21] . There are several applications of microlensing effect. In the case of a quasar microlensing, multiple images (which occur due to strong lensing) of the quasar are studied. The images of a multiply imaged quasar are seen through a galaxy. Since galaxies contain stars, stellar-mass objects can affect the brightness of these images, and this is effect of microlensing for quasars. One of the most interesting application of microlensing is a microlensing by planets, which started with paper of Mao and Paczyński [34] , for observation discovery see, for example [35] .
From physical point of view we can distinguish situations of lensing on basis of magnitude of deflection angle: weak deflection of photon (small deflection angles,α ≪ 1) and strong deflection of photon (deflection angles are not small,α ≥ 1).
In most problems of the gravitational lensing the weak deflection approximation is applied. It means that the formula of Einstein deflection, in the case of a point lens, and formulae based on it, in the case of a mass distribution, are used. The lens equation [21] connects positions of source and images, at given geometry, in flat or expanded space-time. With a given mass distribution in the lens, the lens equation allows us to find positions, forms and magnifications of images, analytically or numerically.
GRAVITATIONAL LENSING IN VACUUM IN THE CASE OF A STRONG DEFLECTION
Weak deflection approximation is enough for the most problems and applications of gravitational lensing. The example of situation, when the deflection angles of photons beyond usual weak deflection approximation are considered, is a lensing by black hole. In this case the photon can move close enough to central object to undergo large deflection.
Let us consider the motion of a photon in the neighborhood of a black hole with a Schwarzschild metric. The Schwarzschild metric is given by
The shape of the orbit of a photon incident from infinity on a black hole is determined by its impact parameter b [36] :
, then the photon falls to R S = 2M and is absorbed by the black hole;
(ii) if b > 3 √ 3M , then the photon is deflected by an angleα and flies off to infinity. In gravitational lensing we are interested in this case.
Exact expression for the deflection angleα in the case of a motion in the Schwarzschild metric can be derived from equations determining the photon orbit, see, for example, [36, 43] . For a given mass M , the deflection angle of a photon is a function of the radius of the closest approach R, and is represented by the integralα
The impact parameter b, corresponding to the distance of the closest approach R is written as
The expression of the integral (5) in terms of elliptical integrals was first obtained in [37] . The expansions of exact deflection angle in powers of M/R and M/b is given in [38] .
In the case of large impact parameters b ≫ 3 √ 3M the orbit is almost a straight line with a small deflection by an angleα = 4M/b (see Fig.1 ). In this case (weak deflection limit) the impact parameter and the distance of closest approach are almost the same (see Fig.2 ). We can neglect a difference between the impact parameter and the distance of closest approach, and write formula (1) either with b or R. A form of the formula (1) in textbooks depends usually on a way of derivation (compare, for example, [39] and [36] ). This case (weak deflection limit) is considered usually in the theory of gravitational lensing.
There is another limiting case in which the photon deflection angle can be written in the analytical form. It is the case when the deflection angle is large, it is usually referred as strong deflection limit.
If the value of the impact parameter is close to the critical value, 0 < b/M − 3 √ 3 ≪ 1, then the photon makes one or several turns around the black hole near a radius r M = 3M and flies off to infinity (Fig.3) . In this case (the strong deflection limit) the deflection angle is [37] , [40] 
or, as a function of the impact parameter b [40] , [41] 
In the strong deflection approximation, the deflection angle diverges logarithmically while the impact parameter approaches its critical value [40] . It was shown in [41] that for any spherically symmetric space-time the deflection angle diverges logarithmically when the impact parameter approaches its critical value.
In the case of an unbound motion of massive particle near the black hole, the deflection angle is also written via integral and can be expressed via elliptic integrals (see, for example, [42] ). In case of weak deflection (α ≪ 1) the deflection angle is described by the formula (see, for example, [36] ):
Here b and v are the impact parameter and velocity of incident test particles, respectively. Analytical formulae for the case of a massive particle motion near Schwarzschild black hole, similar to (7), (8), have been obtained by Tsupko [42] , in the limit of a strong deflection angle (α ≫ 1), when the impact parameter approaches its critical value.
Photons from a distant source which undergo one or several loops around the central object (lens), and then go to observer form images, which are called relativistic images [20] (see Fig.3 ).
When the lens, source and the observer are situated on one line, these images form concentring rings around the lens [43] , see Fig.7 . In the opposite case the relativistic images are represented by two infinite sequences of 'spots' situated on one line at both sides of the lens, and the closest approach distance of photons is converging to the radius 3M . Using an exact expression for the deflection angle, Virbhadra and Ellis [20] calculated numerically the positions and the magnifications of the relativistic images for the Schwarzschild space-time. Frittelli, Kling, Newman [44] considered the exact lens equation for the Schwarzschild metric, and obtained solutions in the form of an integral expressions. Exact gravitational lens equation in spherically symmetric and static space-times was also considered in Perlick [45] . A review and comparison of different approximate lens equations is given in [46] .
Relativistic images can be studied analytically with using of the deflection angle in the strong deflection limit. To make several revolutions around black hole, the distance of the closest approach must be very close to r M = 3M , and formulae (7) and (8) provide very good accuracy. Bozza et al [40] applied analytical expression for the investigation of the relativistic images, finding the positions and the magnifications of the relativistic images in the Schwarzschild metric. Relativistic rings (see Fig. 7 ) for a Schwarzschild black hole lens were considered in more details in [43] .
Recent decade lensing beyond the weak deflection limit was studied in many papers, where the approaches described above were applied to different problems [20] , [40] , [45] , [6] , [43] , [24] , [41] , [23] , [46] - [58] . Relativistic images in vacuum for different types of metric [23] , [24] , or using alternative theories of gravitation [52] have been studied.
GENERAL FORMULAE FOR THE PHOTON DEFLECTION ANGLE IN THE SCHWARZSCHILD METRIC IN PRESENCE OF PLASMA
In this section we derive the exact expression for the deflection angle in the case of a photon motion in the Schwarzschild metric with a spherically symmetric distribution of plasma. We use spherical coordinates (r, θ, ϕ) and the gravitational field is not supposed to be weak. Indices are
Let us consider a static space-time with the Schwarzschild metric (R S = 2M , G = c = 1):
Let us consider, in this gravitational field, a static inhomogeneous plasma with a refraction index
Here N (r) is the electron concentration in plasma.
The general relativistic geometrical optics in a curved space-time, in a dispersive medium with an angular isotropy of the refraction index, was developed by Synge [13] , see also [14] . Let us assume that the space-time g ik is given, and the refraction index n of an isotropic transparent medium is
given by a scalar function of x α , and the photon frequency ω(x α ). The Synge's method is based on the so called medium-equation:
This formula connects the components of the photon momentum 4-vector (the photon energy and 3-vector of the photon momentum) and refraction index n. In this equation the metric g ik and the refraction index n are assumed to be known, a phase speed w = 1/n and the frequency ω(x α ) are measured in the local rest frame, V k is 4-velocity of medium. There is also a relation for the photon frequency [13] 
where is the Planck constant.
For a static medium in a static gravitational field, we have the medium-equation in the form [13] :
and
At infinity, in a flat space-time, we have:
where ω ≡ ω(∞).
In order to apply Hamiltonian method, we rewrite the medium-equation (15) in the form
where
Here we define the scalar function H(x i , p i ) depending on x i and p i .
The trajectories of photons, in presence of a gravitational field, may be obtained from the variational principle [13] 
with the restriction (18) . The variational principle (20) , with the restriction H(x i , p i ) = 0, leads to the following system of Hamiltonian differential equations [13] :
with the parameter λ changing along the light trajectory.
In the case of a plasma with the refractive index (12), the condition (18) can be reduced, with using of (12) and (16) , to the form
From (21) we obtain the system of equations for the space components x α , p α :
Equation for the time component dp 0 /dλ = 0 in the static metric (11) leads to p 0 = const along the trajectory. The equation (16) at infinity has the form (17), so we find that the constant p 0 equals
Let us find the equation of the trajectory, and the photon deflection angle, for a motion in the equatorial plane θ = π/2 of the metric (11). Then sin 2 θ = 1, and components of the metric have a form
From the equation for θ we have from (23)
It follows that for a motion in the plane θ = π/2 we have p θ = p θ = 0. From the equation (24) for p ϕ it follows p ϕ = const. Without a loss of generality we can assume that p ϕ > 0. The equations for r and ϕ from (23) may be written as
Substituting the components of metric we obtain:
The second multiplier in the right hand side of this equation can be expressed from the medium equation for plasma (22) , which may be written in the form
We have then
Substituting (31) into (29), we obtain the equation for trajectory of photon:
.
Assume that a photon moves in such a way that its ϕ-coordinate increases. Then 'plus' sign in (32) corresponds to the motion with the coordinate r also increasing, and the 'minus' sign to the motion with r decreasing.
For a photon which moves from the infinity to the distance of the closest approach R (minimal value of the coordinate r), and then to infinity, we have a change of angular coordinate as
The motion along a straight line corresponds to the change of the angular coordinate ∆ϕ = π.
Then the deflection angle may be written aŝ
The deflection angle (34) depends on a mass of the central body M , a distribution of plasma N (r), represented by ω e (r), and on the parameters R, p 0 and p ϕ . These parameters are connected by the boundary condition. The point r = R is a turning point, therefore in this point: dr/dλ = 0 and p r = 0. Using (31), we have in this point
Therefore only two parameters from {R, p 0 , p ϕ } are independent, while the third one is expressed through two others. The parameter p 0 represents the photon energy at infinity. It is convenient to exclude p ϕ , and to derive the angleα as a function of p 0 = − ω and R. We have from (35)
Substituting p 2 ϕ in (34) and using notation of Perlick [17] h(r) = r 1
we obtain the equation of the trajectory in the Schwarzschild space-time
and the deflection angle of the photon moving from infinity to the central object and then to infinitŷ
This expression forα was derived earlier in [17] by an another way. At given M and ω e (r), the deflection angle is determined by the closest approach distance R and the photon frequency at infinity ω. This formula allows us to calculate the deflection angle of the photon moving in the Schwarzschild metric in presence of a spherically symmetric distribution of plasma.
GRAVITATIONAL DEFLECTION OF LIGHT IN HOMOGENEOUS PLASMA: EXACT EXPRESSION. ANALOGY BETWEEN A PHOTON IN A HOMOGENEOUS PLASMA AND A MASSIVE PARTICLE IN A VACUUM.
Let us consider a homogeneous plasma, ω e (r) = ω e = const. Rewriting the equation of the trajectory (32) and the expression for deflection angle (34), introducing notations of E and L
we obtain the equation of the trajectory as
and the formula for deflection angle aŝ
The closest approach distance R and the parameters E and L are connected at the point r = R by the following boundary condition
The trajectory and the deflection angle are thus completely determined by any two parameters from {R, E, L}, with the third parameter being expressed through (43) . Remind, that in vacuum the photon motion is determined by only one parameter, either R, or b, which are uniquely connected with each other, see (6) . Transition to the vacuum from (43) can be done by tending E → ∞ and L → ∞ (what corresponds to ω e = 0) and introducing the impact parameter as
as in the analogous case of the massive particle [36] .
Plasma has unique dispersive properties, that leads to interesting analogy between motion of photon in homogeneous plasma and massive particle in vacuum. In the paper of Kulsrud and Loeb [59] (see also papers of Broderick and Blandford [60] , [61] ) it was shown that in the homogeneous plasma the photon wave packet moves like a particle with a velocity equal to the group velocity of the wave packet
with a mass equal to the plasma frequency (multiplied by )
and with an energy equal to the photon energy
If we define E as an energy at infinity per unit rest mass, and L as the angular momentum per unit rest mass, then equations (41) and (42) describe the trajectory and the deflection angle of a massive particle with the rest mass ω e in the vacuum, see [36, 59, 62, 63] ).
As for massive particle in vacuum, bound elliptic orbits of the photon in homogeneous plasma are also possible. Discussion of gravitational binding of the photon in homogeneous plasma is discussed in [59] , [6] .
The deflection angle (42) can be expressed via elliptic integrals. Due to described analogy, the expression for the deflection angle of a massive particle in vacuum is identical to (42) , with an appropriate changes in the physical sense of E and L. The motion of a massive particles has been extensively studied, see [36, 37, [63] [64] [65] [66] [67] [68] [69] [70] [71] . In particular, the deflection angle of a massive particle can be expressed via elliptic integrals. Usually the deflection angle is rewritten as an integral of the polynomial of the third order in a radicand, see [6] for details. The form of the expression via elliptic integrals is determined by the roots of this polynomial. In a general case, these three roots are different, and supposed to be found numerically (or by cumbersome solution of cubic equation, see, for example, [72] ), for the given external parameters E and L. Depending on E and L, the roots have different relations between each other, and the expression of the deflection angle via elliptic integrals have therefore different form. In the newtonian limit these forms are expressed analytically, and are related to hyperbolic, parabolic, and elliptic motion of a massive particle around a gravitating center (Kepler problem), see [73] . The principal feature is that we cannot write the deflection angle as an explicit function of E and L. For given E and L, one has to obtain numerically the roots of the polynomial before being able to compute the deflection angle (see, for example, [67] , [66] ).
In the paper [6] we suggested to use, as independent, another pair of parameters: R and E.
Then one root of the polynomial is simply 1/R, and another two roots can be expressed analytically via R and E. This approach is convenient because we can perform all calculations analytically and obtain the deflection angle in the form of elliptic integrals as an explicit function of two parameters R and E. A similar approach is usually applied for the deflection of photons in vacuum, where an analogous polynomial is expressed via R.
The problem is that R is not an ad hoc value and thus should not be chosen as an external parameter in applications. For example, for gravitational lens theory we need dependence of the deflection angle on the impact parameter. This difficulty can be avoided in strong deflection limit, where it becomes possible to express the deflection angle in terms of b and E, which is convenient for applications (see Section 8 and [6] for details).
The deflection angleα for the photon in the homogeneous plasma can be written in the form [6] 
Here F (z, k) is an elliptic integral of the first kind [74, 75] :
The expressionα can be also written in another form [6] 
Here
is the complete elliptic integral of the first kind, and
This formula is written in the same form as the expression for the vacuum deflection angle, see [36] , [64] , [54] , [43] . The difference between plasma and vacuum formulae is only in the expression for Q. When E goes to infinity, what corresponds to high energy photons, for which plasma effects are negligible, the expression for Q in (47) goes to Q 2 = (R − 2M )(R + 6M ), and the formula (49) transforms into the formula for the vacuum deflection. The expression (47) for the vacuum case with Q 2 = (R − 2M )(R + 6M ) is written as [37] 
The proposed novel technique can be also applied for a massive particle in vacuum, due to its analogy to a photon in plasma. In paper [42] we suggest to use either the pair (R, L) or (R, E) as an independent pair of parameters, instead of (E, L). In that paper we obtain the deflection angle in the form of elliptic integrals as an explicit function of the two parameters (R, L) or (R, E). We present for the first time the analytical formulae for the deflection angles of massive particles in the strong deflection limit (α ≫ 1) as an explicit function of external parameters at infinity, (b, L) or (b, E). Parameters at infinity are simply related with each other, so it is possible to calculate the deflection angle with our formulae in very different situations. For example, our formulae allows one to calculate analytically the deflection angle of particle with given impact parameter and velocity at infinity as initial conditions, beyond usual small deflection case.
GRAVITATIONAL LENSING IN THE LIMIT OF A SMALL DEFLECTION IN PRESENCE OF A HOMOGENEOUS PLASMA: ANALYTIC SOLUTION
Exact expression for deflection angle in presence of Schwarzschild gravity and plasma (39) is manifestation of simultaneous and mutual action of different physical effects: gravity, refraction, dispersion. This angle (39) can not be calculated analytically. For analysis and applications of this result it is convenient to consider some particular cases with approximations. Considering case of small total deflectionα ≪ 1, we have advantages to see clearly which physical reasons give contributions to different parts of the total deflection. In particular, we will be able to discuss the difference of this angle and known, commonly used, formulae; see this and next sections.
In the case of a homogeneous plasma the refractive index does not depend on space coordinates explicitly, so the refractive terms in deflection are absent. Therefore, in homogeneous case, we can consider this angleα as the gravitational deflection α grav in given medium (plasma), and writê
We use notation α grav here to emphasize that in homogeneous case the total deflectionα consists of only the gravitational deflection (compare with the next section).
Let us consider a situation when the closest approach distance is much larger than the Schwarzschild radius, R ≫ M (R S = 2M ). It means also that r ≫ M (during the motion the r-coordinate changes from R to infinity), b ≫ M , and the resulting deflection angle is small,α ≪ 1.
Expanding the exact formula (39) with ω 2 e = const, we obtain the deflection angle in the form (see Appendix 1 for details):α
or, in usual units,α = 2GM
For gravitational lensing the dependence of angles on impact parameter b is needed. In approximation R ≫ M the difference between R and b is negligible, so we can just substitute R ≃ b into (54), obtainingα
The deflection angle (55) was directly derived in a simpler way in [3] , [4] . To do this, the Synge's equations have been written in Cartesian coordinates. We have considered the photon with unperturbed trajectory in a homogeneous plasma as a straight line parallel to z-axis with an impact parameter b, and have found the deflection in the approximation of small perturbations, by the integration along the straight trajectory. Compare: the vacuum gravitational deflection in the form 2R S /R was derived by expansion the integral of the exact deflection angle [39] , and the deflection in the form 2R S /b was derived also by the integration of small deflections along the trajectory [36] .
Formula (55) is valid only for ω > ω e , because the waves with ω < ω e do not propagate in the plasma. If ω ≃ ω e , then gravitational deflection in plasma can be much larger than vacuum gravitational deflection,α ≫ 2R S /b (conditionα ≪ 1 must be satisfied too).
Formula (55) does not imply that ω e /ω ≪ 1. If it is supposed, we can rewrite the deflection (55) as:α
Here we denote the vacuum gravitational deflection as α einst and additional correction to the gravitational deflection connected with plasma presence as α add . We emphasize that the correction α add is presented also in a non-homogeneous plasma, but has a more complicated form.
The presence of plasma increases the gravitational deflection angle. In homogeneous plasma photons of smaller frequency, or larger wavelength, are deflected by a larger angle by the gravitating center. The effect of difference in the gravitational deflection angles is significant for longer wavelengths, when ω is approaching ω e . That is possible only for the radio waves. Therefore, the gravitational lens in plasma acts as a radiospectrometer [3] .
We should use formula (3) when we consider gravitational lensing of radiowaves by point or spherical body in presence of homogeneous plasma. This effect has a general relativistic nature, in combination with the dispersive properties of plasma. We should also emphasize that the plasma is considered here like the medium with a given index of refraction, and this formula does not take into account gravitation of particles of plasma.
The observational effect of the frequency dependence may be represented on the example of the Schwarzschild point-mass lens. Instead of two concentrated images with complicated spectra, we will have two expanded line images, formed by the photons with different frequencies, which are deflected by different angles (Fig.8) . Estimations of an angular difference of positions of images in different bands can be found in our paper [4] . To see the difference in angular position of images, we should compare radio and optical observations of images. For optical frequencies the effect of plasma presence is negligible, and positions of images in this case can be calculated with the vacuum formulae. The difference between angular separations of images in vacuum and in plasma ∆θ 0 , produced by the same lens configuration with point-mass lens, is equal to
where ν is the photon frequency in Hz, ω = 2πν, θ 0 is angular radius of Einstein ring [4] . This formula is written for homogeneous plasma, for non-homogeneous plasma see analytical formulae in next section of present paper and modelling and estimations in [18] . We can also compare two radio observations with the different frequencies. For one of two frequencies the effect of angular shifting is bigger than for another frequency, so we may observe the difference in positions of images of different frequencies. The magnification is determined by the deflection law [21] . In the case of radio lensing in the plasma we have another formula for deflection instead of the Einstein angle, so formulae for magnification will be different. It leads to difference of magnigications of different images in different bands, when the light propagates in regions with different plasma density. By-turn it leads to difference of ratios of the fluxes of images in different bands (see details in [4] ). It is another prediction of the model of gravitational radiospectrometer for observation. We should mention that Thompson scattering and absorption during propagation of radiation through the plasma can significantly change flux and complicate phenomena of lensing magnification. 
GRAVITATIONAL LENSING IN THE LIMIT OF SMALL DEFLECTION, IN PRESENCE OF A NON-HOMOGENEOUS PLASMA
Discussion above is valid for the Schwarzschild lens in a homogeneous plasma. In the case of plasma non-homogeneity there is also the refractive deflection, α ref r . Our approach for gravitational lensing in plasma developed in [3] , [4] allows us consider two effects simultaneously: the gravitational deflection in plasma which is different from the Einstein angle, and the refraction connected with the plasma inhomogeneity which does not depend on the gravity. In the paper [4] we have derived formulae for the deflection angle by the spherical body or spherically distributed gravitating matter in presence of a homogeneous and non-homogeneous plasma, with taking into account the gravitation deflection together with the refractive deflection.
In applications the usual vacuum gravitational deflection α einst gives the major contribution to the total deflectionα, and all effects connected with plasma presence are significally smaller:
Additional correction α add to the gravitational deflection caused by plasma (see previous section)
is usually smaller than correction due to refraction α ref r , but there are situations when these corrections can be of the same order, see [4] . Let us consider situation when correction to gravitational deflection is smaller than refractive deflection (α add ≪ α ref r ), and obtain the total deflection angle (in weak deflection approximation) as a sum of vacuum gravitational deflection α einst and refractive deflection α ref r . In this approximation we neglect α add and consider that the gravitational deflection is equal to vacuum gravitational deflection (α grav ≃ α einst ).
Expanding formula for exact deflection (39), we obtain approximate formula in the case of a weak deflection (see Appendix 2 for details):
For gravitational lensing the dependence of angles on the impact parameter b is needed. In papers [3] and [4] we have deriveα using Cartesian coordinates. We have considered the photon with the unperturbed trajectory as a straight line parallel to z-axis, with the impact parameter b.
We have obtained the gravitational deflection at given b as
and refractive deflection as [3] 
or [4] 
Formulae (60), (62), (63) are equivalent. In Appendix 2 we show how to transform formula (60) to (62) and (63) .
In the formula (62) N = N (r) and r = √ b 2 + z 2 , so the expression under the integral sign is a function of b and z. To calculate the deflection angle, we perform partial differentation with respect to b at constant z and then perform integration with respect to z at constant b, and we obtain deflection angle as a function of b.
In the formula (63) we differentiate N = N (r) with respect to r, then substitute r = √ b 2 + z 2 .
Expression under the integral sign will be a function of b and z, and we perform integration along z axis at constant b, and we obtain deflection angle as a function of b.
All observational predictions about the difference in angular positions and fluxes in different frequencies take place also in the case of a non-homogeneous plasma distribution, because refractive deflection in plasma is also chromatic. We should emphasize that the presence of homogeneous or non-homogeneous plasma increases the gravitational deflection of photon. Vacuum gravitational deflection is usually considered as positive (α einst > 0) therefore the additional correction to gravitational deflection due to plasma presence is also positive (α add > 0). The refractive deflection can be both positive or negative, depending on the density profile. Usually the density of plasma in different models decreases with radius (dN/dr < 0), therefore the refraction deflection is usually opposite to the gravitational deflection: the correction due to refractive deflection is negative (α ref r < 0), see [4] .
For example, in the case of inhomogeneous plasma with a power-behaved concentration
the refractive deflection is ( [3] , see also [12] , [9] , [76] , [11] )
Model with k = 1.25 is one of two models used in paper Er and Mao [18] .
In the case of axisymmetric mass distribution the deflection with the impact parameter b is equal to the Einstein angle for the mass M (b), where M (b) is the projected mass enclosed by the circle of the radius b [12, 21, 22, 77] . In another words it is mass inside the cylinder with the radius b. So,
for this case, we should write:
GRAVITATIONAL LENSING IN PLASMA IN THE LIMIT OF STRONG DEFLECTION: ANALYTIC FORMULAE
Influence of plasma on the relativistic images have been considered for the first time in paper [6] , where we have considered the case of a strong deflection angle for the light, traveling near the Schwarzschild black hole, surrounded by a uniform plasma. We derive for the first time the asymptotic analytic formulae for the gravitational deflection angle of photons in the homogeneous plasma, in a strong deflection limit.
We have obtained the deflection angleα as a function of the closest approach distance R and the ratio of frequencies ω 2 e /ω 2 in the form [6] α(R,
Here r M is a critical (minimal) distance of the closest approach R, at given ω 2 e /ω 2 . This formula (68) is asymptotic and is valid for R close to r M . At ω ≫ ω e the expression (68) becomes the vacuum formula (7) . At the given ratio of frequencies ω 2 e /ω 2 , the trajectory is determined by a choice of R. The deflection angle of a photon goes to infinity when R goes to r M , and photon performs infinite number of turns at circle with the radius r M . If ω ≫ ω e , then x → 1, giving r M = 3M , what corresponds to photons in the vacuum. The presence of a homogeneous plasma increases the radius of the critical orbits of the photons around a black hole.
We have also obtained the deflection angleα as a function of the impact parameter b and the ratio of frequencies ω 2 e /ω 2 :
This formula is valid for b close to b cr , b cr is a critical value of impact parameter at given ω 2 e /ω 2 . For ω ≫ ω e we obtain the critical impact parameter for vacuum: b cr = 3 √ 3M . At ω ≫ ω e the expression (70) becomes the vacuum formula (8) .
We apply these formulae for the calculation of positions and magnifications of relativistic images in the homogeneous plasma [6] , which are formed by the photons performing one or several revolutions around the central object (see Fig.10 ). For simplicity, let us rewrite formula (70) as:
where a(x) and c(x) are written as
, r M and x are defined in (69), b cr is defined in (70) .
To obtain the impact parameters corresponding to the relativistic images we can write an equa-
Here n is number of pair of relativistic images. More rigorously, the deflection angle in this case iŝ α = 2π + ∆α (see Figures 3 and 10) , where ∆α has different values for different positions of source.
But since ∆α ≪ 2πn we can write equation for b in the form (72) , with high accuracy. We obtain the impact parameters b n (x) of the relativistic images:
The corresponding angular positions of the relativistic images are:
where D d is the distance between observer and lens.
The angular positions θ n in plasma is always bigger than the positions in vacuum. In Table 1 results for E = 2 (ω = 2ω e ) are presented. Therefore the presence of homogeneous plasma increases the angular separation of the point relativistic images from gravitating center or the angular size of the relativistic rings.
Let us consider b n near the vacuum values. With E 2 → ∞ (ω ≫ ω e ) we have:
Note that E = ∞ corresponds to the vacuum.
Let us consider a behavior of b n in opposite situation: when the photon frequency is close to plasma frequency. With E 2 → 1 (ω ≃ ω e ) we have: The first ray has the frequency ω ≫ ωe, in this case plasma effects are negligible, and the trajectory can be computed using the vacuum equations (see Fig.3 , geometry and positions of objects are the same). The other ray has the frequency ω ≃ ωe, in this case plasma effects are significant, and the trajectory should be computed using plasma equations.
We see that with ω → ω e angular sizes θ n increases unboundedly.
Let us now consider the magnification of the relativistic images. We consider the relativistic images of a point source located at the angular position β from line connecting the observer and the gravitational center (lens). We use approximate approach, similar to [41] , based on our analytical formula (71), see [6] for details. More precise way is to use the exact formula (39) and to solve this problem by the similar approach as it was done in [20] for relativistic images in vacuum.
We obtain: and a(x) and c(x) are coefficients defined in (71) . In expression (80) the variables b cr , l n , a(x), c(x) depend on x, so these variables depend on the ratio of the photon and the plasma frequencies.
Magnification µ n of the relativistic images of the point source formally tends to infinity if the source angular position β goes to 0, as it takes place in vacuum [20] .
In case of vacuum (ω/ω e = ∞):
where l vac n is defined in (77). If E 2 → 1 (ω ≃ ω e ), we have:
We see that if ω → ω e , magnifications µ n can increase unboundedly.
Numerical examples are given in Table 2 .
Possibility and difficulties of observation of relativistic images in vacuum are discussed in big details in [20] and [49] . Presence of plasma formally may lead to much stronger magnification of relativistic images at ω → ω e , but increasing absorbtion creates additional problems for observations.
While there are many observations of multiple 'ordinary' images formed by photons weak deflected by massive lenses, the observations of relativistic images formed by the photons in strong deflection regime seems to be very unlikely. This low probability becomes even less, if we take into account that there are reliable observations of black holes only with accretion disc environment which significantly absorbes the radiation.
Nevertheless, existence of isolated black holes in edge of Galaxy can not be fully excluded.
Detection of them by usual methods is almost impossible, but lensing of the distant source radiation (for example, star of Magellan Clouds) by such black hole might be observed with using some nontrivial technique. This detection is unlikely, but if it occurs, it would be very informative both for finding the position of lensing object and for properties of the surrounding medium. 
CONCLUSIONS
(i) The model of gravitational lensing in plasma is developed in details, by using Synge's hamiltonian theory for geometrical optic in gravity and medium. Exact formula for the deflection angle in the Schwarzschild metric, surrounded by plasma with spherically symmetric density distribution is written as (39), without the limit for the value of the deflection angle, the distance of the closest approach, or the ratio of plasma and photon frequencies. In the case of a homogeneous plasma the integral for the deflection angle is expressed via elliptic integrals, see Section 5.
(ii) In presence of both gravity and plasma the deflection angle is physically defined by mutual combination of different phenomena: gravity, dispersion, refraction. Effects of deflection by gravity in vacuum and the refractive deflection in non-homogeneous medium are well known and presented in literature with necessary details. New effect, which we emphasize, is that in the case of a homogeneous plasma, in absence of refractive deflection, the gravitational deflection differs from the vacuum deflection, see (54) and (55) .
(iii) Plasma is a dispersive medium, its refractive index depends on the photon frequency. Therefore the deflection angle in presence of both gravity and plasma always depends on the photon frequency. In particular, presence of homogeneous plasma leads to chromatic gravitational deflection; the presence of non-homogeneous plasma leads also to chromatic gravitational deflection and to chromatic refractive deflection. So presence of plasma always makes gravitational lensing chromatic and leads to difference in angular position of the same image at different wavelengths.
(iv) For applications to gravitational lensing problems connected with observations, see section 6
and 7 where case of weak deflection is discussed. For the deflection by point-mass in a homogeneous plasma see (55) , for the inhomogeneous case see (58) with (61), (60), (62), (63) . In the case of gravitating mass distribution (in our formulae we neglect the mass of plasma particles) the projected mass M (b) should be used (67) , as it is usually done in lensing. As an example of application of these formulae, see numerical modelling of gravitational lens with plasma which is performed in [18] , with attention to many gravitational lens phenomena and discussion of observational possibilities.
(v) The deflection angles for light rays near Schwarzschild black hole in homogeneous plasma, in strong deflection limit, are derived. Using of strong deflection limit allows us to investigate analytically properties of relativistic images in presence of plasma. 
with h(r) = r 1 1 − 2M/r − ω 2 e (r) ω 2 .
We consider case with ω 2 e = const. We denote: ω 2 e /ω 2 = B. Using that R ≫ M and r ≫ M , we obtain: The first term is evidently equals to zero at r = ∞. At r → R we can write:
and we obtain:
Let us transform this formula to variables b and z. We consider an unperturbed trajectory as straight line parallel axis z with impact parameter b, and r = √ b 2 + z 2 . We transform r-derivative to derivative with respect to perpendicular to z direction which we can denote as b:
We transform integration with respect to r to integration with respect to z, at constant b:
